EuTe possesses the centrosymmetric crystal structure m3m of rocksalt type in which the second-harmonic generation is forbidden in electric dipole approximation but the third-harmonic generation ͑THG͒ is allowed. We studied the THG spectra of this material and observed several resonances in the vicinity of the band gap at 2.2-2.5 eV and at higher energies up to 4 eV, which are related to four-photon THG processes. The observed resonances are assigned to specific combinations of electronic transitions between the ground 4f 7 state at the top of the valence band and excited 4f 6 5d 1 states of Eu 2+ ions, which form the lowest energy conduction band. Temperature, magnetic field, and rotational anisotropy studies allowed us to distinguish crystallographic and magnetic-field-induced contributions to the THG. A strong modification of THG intensity for the 2.4 eV band and suppression of the THG for the 3.15 eV band was observed in applied magnetic field. Two main features of the THG spectra were assigned to 5d͑t 2g ͒ and 5d͑e g ͒ subbands at 2.4 eV and 3.15 eV, respectively. A microscopic quantum-mechanical model of the THG response was developed and its conclusions are in qualitative agreement with the experimental results.
I. INTRODUCTION
Europium chalcogenides EuX ͑X = O, S, Se, and Te͒ are a group of magnetic semiconductors which possess unique magnetic, transport, and magneto-optical properties determined by the strongly localized 4f 7 electrons of the Eu
2+
ions with spin S =7/ 2. [1] [2] [3] Due to competition between the exchange integrals of the nearest neighbors ͑NNs͒ and nextnearest neighbors ͑NNNs͒ their magnetic phase diagrams can include antiferromagnetic ͑AFM͒, ferrimagnetic ͑FIM͒, and ferromagnetic ͑FM͒ ordering as well as a paramagnetic phase. Current interest in EuX magnetic semiconductors arises from potential applications for spintronics and magneto-optical devices. 4, 5 Their nonlinear optical and magneto-optical properties, however, remained unexplored until recently when magnetic-field-induced second-harmonic generation ͑SHG͒ was observed in EuTe, EuSe, 6, 7 and in EuO. 8 Nonlinear optics is a large, continuously expanding field of fundamental and applied research. Important phenomena in this field are related with the electric dipole ͑ED͒ induced conversion of the frequency of a fundamental light field E͑͒. Examples are sum and difference frequency generation, higher-order harmonics generation, parametric amplification, stimulated Raman scattering, and many others. In these processes a single light field E͑͒ is involved in nonlinear optical interactions determined by different selection rules, e.g., compared with linear optics, and, therefore, opening novel experimental possibilities.
Among a vast variety of nonlinear phenomena related with frequency conversion the SHG and third-harmonic generation ͑THG͒ are the simplest processes. The relevant nonlinear polarization P͑2 ,3͒ can be written as 9, 10 
where ijk ͑2͒ and ijkl ͑3͒ are the second-order and third-order nonlinear optical susceptibilities, responsible for the crystallographic contributions to SHG and THG, respectively. E j,k,l ͑͒ are the fundamental optical fields. Parity restrictions immediately imply that in the ED approximation the SHG process, described by a polar third-rank tensor ijk ͑2͒ , is only allowed in noncentrosymmetric media. Those can be media with broken space-inversion symmetry operation, e.g., at structural or magnetic phase transitions. 11 This explains why the majority of SHG research in solids is focused on piezoelectric and ferroelectric materials oriented to practical applications in nonlinear optics. 12 By contrast the THG process described by a polar fourthrank tensor ijkl
͑3͒
is allowed in materials of any symmetry. 9, 10, 13, 14 Being described by a higher-order nonlinear susceptibility the THG is much weaker than the SHG in media where SHG is allowed in the electric dipole approximation. However, as THG is allowed in any medium it can be used for investigating materials where SHG is forbidden. Also the strong increase in the susceptibility in the vicinity of electronic resonances can provide larger intensities of THG. Further, involvement of high-order nonlinearities into THG allows one to study hidden symmetries modified by phase transitions or external field symmetry breaking.
nondestructive diagnostic tool for biological objects. 25, 26 New pathways may be opened when THG is studied in external electric or magnetic fields, which reduce the symmetry of an object under study. In those cases when both the SHG and THG processes are allowed in the same medium they can provide supplementary information on crystallographic, electronic, and magnetic structures due to the different selection rules of these mutually complementary processes.
Applying the restrictions imposed by Eq. ͑1͒ to the europium chalcogenides with centrosymmetric crystal structure we immediately see that ED-SHG is forbidden but ED-THG is allowed. This is encouraging for experimental and theoretical studies of THG in this material class. Our study is motivated by the fact that the potential of THG nonlinear spectroscopy has remained rather unexplored. The overwhelming majority of THG studies exploited single laser wavelengths or scanned narrow spectral ranges. Only a spectroscopic approach, as demonstrated by recent SHG studies, 6, 11, 27, 28 allows one to draw unambiguous conclusions on the microscopic nature of the observed nonlinear signals. In particular, THG spectroscopy with high spectral resolution at low temperatures remains to be applied to semiconductors and magnetic materials. The few examples of THG studies in semiconductors were performed at fixed laser wavelengths. 29, 30 In this paper we report on a spectroscopic study of crystallographic and magnetic-field-induced THG in the magnetic semiconductor EuTe. We studied the THG spectra in the vicinity of the band gap at 2.2-2.5 eV and at higher energies up to 4 eV. The spectroscopic study of the THG was performed as a function of temperature and magnetic field. A strong modification of the THG at 2.4 eV and suppression of the THG at 3.15 eV in applied magnetic field was revealed by temperature and rotational anisotropy studies. A quantummechanical model of THG was developed and its conclusions are in qualitative agreement with the experimental results. It was found that two main features of the THG at 2.4 eV and 3.15 eV can be assigned to 5d͑t 2g ͒ and 5d͑e g ͒ subbands in EuTe, respectively.
Paper is organized as follows. In Sec. II we briefly describe the crystal and electronic structures, as well as the magnetic, optical, and magneto-optical properties of EuTe. Section III gives the symmetry description of crystallographic and magnetic-field-induced THG in EuTe. Experimental results are presented in Sec. IV. Section V is devoted to the theoretical model and to its comparison with experimental data. Section VI concludes the paper.
II. PROPERTIES OF EUROPIUM CHALCOGENIDES
The europium chalcogenides EuX ͑X = O, S, Se, and Te͒ are wideband-gap magnetic semiconductors, characterized by several unique properties. For many years they have attracted interest. For example, EuO has been suggested for applications in spin-filter devices, 5, [31] [32] [33] [34] and EuS ͑Refs. 35-41͒ as well as EuSe ͑Ref. 42͒ for tunnel junctions. Recently it was shown, that EuO can be epitaxially grown on Si and GaN, which opens new possibilities for device realization.
4,43

A. Crystallographic structure
The europium chalcogenides crystallize in the centrosymmetric cubic rocksalt structure with m3m ͑O h ͒ symmetry. Figure 1 shows the crystal structure of EuTe with a lattice constant a 0 = 6.598 Å. The face-centered-cubic lattice contains a two-atomic basis with a Eu 2+ ion at ͑1/2,1/2,1/2͒ and a Te 2− ion at ͑0,0,0͒. The divalent Eu 2+ ions are octahedrally surrounded by six Te 2− ions forming a strong ionic binding, which results in empty 5d states of europium and completely filled p orbitals of tellurium.
B. Electronic band structure
The electronic level structure of the europium chalcogenides is of key importance for understanding their magnetic, optical, and magneto-optical properties. The electronic properties are determined by the 4f 7 electrons of the Eu 2+ ions with spin S =7/ 2 and the electrons of the chalcogens. 1, 44, 45 It is generally accepted that the 4f 7 atomic states of Eu 2+ constitute the valence level in EuX, which lies within the energy gap, directly on top of a 2-3 eV wide valence band formed by the np orbitals of the chalcogen, where n = 2, 3, 4, and 5 for O, S, Se, and Te, respectively. The conduction band can be described by a tight-binding model, in which the basis wave functions consist of the 5d orbitals of the Eu 2+ ions, split by the octahedral crystal field into a twofold degenerate low-energy 5d͑t 2g ͒ state and a 5d͑e g ͒ state at about 1 eV higher energy. These assertions are consistent with magneto-optical data. 46 It is also generally assumed that a broad conduction band with 6s character overlaps with the 5d͑t 2g ͒ states. However, electric dipole coupling of the 4f 7 ͑ 8 S 7/2 ͒ state to this 6s band is forbidden, which is therefore optically dark. The single-particle electronic structure of EuTe is shown schematically in Fig. 2 
C. Magnetic properties
The magnetic properties of the europium chalcogenides are determined by the ground state of the Eu 2+ ions in which the 4f 7 electrons with spin S =7/ 2 are involved. 1, 44, 45 The EuX are classical Heisenberg magnets where the competition between the NN exchange integral J 1 , which provide a ferromagnetic interaction, and the NNN integral J 2 providing an antiferromagnetic interaction results in magnetic phase diagrams that may include AFM, FIM, and FM ordering, as well as a paramagnetic phase at elevated temperatures in EuTe and EuSe. 1, 47 The unique magnetic properties and complicated magnetic phase diagrams of EuX are caused by the varying ratios of the J 1 and J 2 integrals and by their competition with an external magnetic field.
In EuTe ͉J 2 ͉ Ͼ ͉J 1 ͉ and, therefore, this compound shows antiferromagnetism below the Néel temperature T N = 9.58 K. 1 The Eu 2+ spins are parallel within the ͑111͒ planes and adjacent planes have alternating spin orientations ͓↑↓ ↑↓͔, see Fig. 1 . At lattice temperatures T Ͻ 2 K and in magnetic fields exceeding a critical value H C = 7.2 T the high-field paramagnetic phase is reached, and the magnetization is saturated as it is oriented along the external field.
Below T N the magnetic ordering in EuTe can be characterized by the magnetic moments m 1 and m 2 of the two sublattices with ͉m 1 ͉ = ͉m 2 ͉. To describe the magnetic behavior of an antiferromagnet in external magnetic field we introduce the FM vector F = m 1 + m 2 and the AFM vector A = m 1 − m 2 , as discussed in Refs. 6 and 7. The external magnetic field induces the axial vector F. From the experimental studies of THG in EuTe, presented in Sec. IV, it is quite obvious that only the ferromagnetic component F of the magnetic structure below Néel temperature and the fieldinduced magnetization, M, above T N are responsible for the observed anisotropy of the magnetic-field-induced THG. In contrast to SHG, antiferromagnetic and paramagnetic spin configurations also make contributions to THG as discussed in Sec. V and shown in Fig. 12 .
D. Optical and magneto-optical properties
The optical and magneto-optical properties of the europium chalcogenides are striking, and some of them are unmatched by any other magnetic semiconductor. As discussed above, the optical band gap is formed by the lowest energy excitation corresponding to the transfer of an electron from the 4f 7 ͑ 8 S 7/2 ͒ state to the 5d͑t 2g ͒ conduction band. When subject to an external magnetic field, EuTe exhibits a giant low-energy shift of 15 meV/T of the optical-absorption threshold. 1, 44 The Faraday effect is also extraordinary large with Verdet constants as high as 10 6 deg/ cm. [48] [49] [50] [51] [52] [53] Due to the giant Faraday rotation EuX films can be applied also for high-resolution magneto-optical imaging of the flux distribution in superconductors. 54 
III. SYMMETRY CONSIDERATION OF THG IN EUROPIUM CHALCOGENIDES
The underlying coherent mechanism of harmonics generation are multiphoton processes which become strongly anisotropic even in cubic crystals such as the EuX. A particularly characteristic property of harmonics generation is the rotational anisotropy which reflects the changes in the harmonic intensity as a function of the azimuthal angle of the incident and generated light polarizations. We discuss in this section the symmetry properties and rotational anisotropies of crystallographic and magnetic-field-induced THG in EuX.
A. Crystallographic THG
First we analyze the expected ED nonlinearity of third order in the EuX compounds. The basic geometry for the nonlinear optical THG experiments is shown in Fig. 3 .
In the ED approximation the crystallographic ͑CED͒ third-order nonlinear optical polarization P i CED ͑3͒ can be written as 
B k(
. ͑Color online͒ Sketch of experimental geometry in the THG studies for ͑111͒-oriented EuX film. k͑͒ and k͑3͒ are light wave vectors for the fundamental and third-harmonic waves, respectively. Azimuthal angle characterizes the relative orientation of polarization plane of the fundamental wave E͑͒ and the external magnetic field B in the Voigt geometry. ␣ is the sample azimuthal angle. Note, in case of ͑001͒ orientation of the EuX film the horizontal and vertical crystal axes are ͓100͔ and ͓010͔, respectively.
where ijkl ͑3͒ is the third-order nonlinear optical susceptibility responsible for the crystallographic part of the THG. The polar fourth-rank tensor ijkl ͑3͒ is nonzero in crystals of any symmetry and the relevant nonvanishing tensor components are ͑independent components are underlined͒, 13, 14 
Due to permutability of the last three indices of ijkl ͑3͒ , which arises from the permutation symmetry of the three incident optical fields E j,k,l ͑͒, one can show that xxyy = xyxy = xyyx . As a result, the number of independent components is reduced to two, namely, xxyy and xxxx . Therefore, we can write down the nonlinear polarization P ʈ CED ͑3͒ for the parallel configuration E͑3͒ ʈ E͑͒ in case of k͑͒ ʈ ͓111͔ as
This means that the THG does not depend on the azimuthal angle in the used geometry and shows an isotopic behavior for rotation of the light polarization plane with respect to the crystallographic axes. For the crossed configuration E͑3͒ Ќ E͑͒, k͑͒ ʈ ͓111͔ one obtains
Therefore, for the k͑͒ ʈ ͓111͔ geometry isotropic THG signals can appear only for the parallel configuration of E͑3͒ and E͑͒.
In the case of a crystal orientation k͑͒ ʈ ͓001͔ the nonlinear polarization P ʈ CED ͑3͒ can be written for the parallel configuration E͑3͒ ʈ E͑͒ as
For the crossed configuration E͑3͒ Ќ E͑͒, k͑͒ ʈ ͓001͔ one can write
Thus, Eqs. ͑6͒ and ͑7͒ demonstrate that the coherent multiphoton THG process is strongly anisotropic in cubic ͑001͒-oriented EuX crystals.
B. Magnetic-field-induced THG
Now we analyze the expected ED nonlinearity of fourth order in the EuX compounds in presence of an external magnetic field in the Voigt geometry. In ED approximation one can write the magnetic-field-induced ͑IED͒ nonlinear polarization P i IED ͑3͒ in the following form:
The THG susceptibility ijklm
͑4͒
is an axial fifth-rank tensor 13 and M m ͑0͒ is a component of the axial magnetization vector. Below T N this vector coincides with the ferromagnetic vector F while above T N it is identical with the field-induced magnetization in the paramagnetic phase. Within ED approximation this THG contribution is allowed in crystals of any symmetry. The nonvanishing tensor components ijklm ͑4͒ can be found in Ref. 13 . The second, third, and fourth indices of the susceptibility ijklm ͑4͒ denote the direction of the incident photons, which are indistinguishable. Thus these indices have to be permutable. Due to this permutability only three independent ͑underlined͒ components remain
These components lead to the following anisotropies of the magnetic-field-induced nonlinear optical polarization P ʈ IED ͑3͒ for E͑3͒ ʈ E͑͒ and k͑͒ ʈ ͓111͔,
and for the crossed configuration E͑3͒ Ќ E͑͒ and k͑͒ ʈ ͓111͔,
For ͑001͒ orientation with k͑͒ ʈ ͓001͔ the nonlinear polarization P ʈ IED ͑3͒ for the parallel configuration E͑3͒ ʈ E͑͒ results in
and for the crossed configuration E͑3͒ Ќ E͑͒ as well in
In the absorption region related to the electronic transition 4f 7 → 4f 6 5d 1 , the tensors ijkl ͑3͒ and ijklm ͑4͒ are complex. So for the THG intensity the interference between IED and CED contributions should be taken into account by
with as a relative phase between IED and CED contributions. Here the first term is a pure crystallographic contribution. The second term is a pure magnetic-field-induced contribution, which is proportional to M 2 . The third interference term is proportional to the axial vector M, where Ϯ signs refer to opposite orientations of M. Neglecting energy dissipation in the medium, ijkl ͑3͒ is a real tensor and ijklm ͑4͒ is a pure imaginary tensor and the interference term does not appear as = 90°. In the case of energy dissipation or presence of resonance states the interference term can appear similar to the interference of crystallographic and magnetic contributions in the SHG process. 11, 55 A microscopic quantummechanical model, developed in Sec. V, considers a general third order polarization for the IED and CED contributions, therefore the phase is preserved for the entire spectral range and the interference term in Eq. ͑14͒ is neglected. However, this model takes into account the interference between the third-order polarizations coming from different magnetic sublattices in EuTe.
IV. EXPERIMENTAL RESULTS
A. Experiment
The THG experiments were performed on an EuTe epilayer of 1.5 m thickness grown by molecular-beam epitaxy ͑MBE͒ on ͑111͒-oriented BaF 2 substrates. 56, 57 The EuTe layer was capped with a 0.2-m-thick BaF 2 protective layer. The high structural sample quality was confirmed by x-ray analysis. THG was studied using the experimental technique described in Refs. 27 and 28. THG spectra were recorded in transmission geometry using 8 ns light pulses with a 10 Hz repetition rate, generated by an optical parametric oscillator ͑OPO͒ pumped by the third harmonic of a solid-state Nd: yttrium aluminum garnet laser ͑355 nm͒. A tunable type-II OPO allowed us to access a wide spectral range ͑410-2500 nm͒ with a typical pulse power of 20 mJ and a narrow linewidth of about 0.4 meV. A Glan-Thomson prism and quarterand/or half-wave plates were used to set the required light polarization at the fundamental frequency. The laser light beam of the OPO was directed onto the sample and the resulting THG signal was analyzed by polarization optics. The signal was dispersed by a 0.5 m spectrometer and detected by a cooled charge-coupled-device camera. The sample temperature was varied from 5 to 300 K. Magnetic fields up to 7 T were applied in the Voigt geometry perpendicular to both the layer growth axis ͓111͔ and the light wave vector. Figure 4 shows THG spectra of EuTe recorded at T = 5 K for E͑3͒ ʈ E͑͒ and E͑3͒ Ќ E͑͒ over the broad spectral range from 2.1 up to 3.9 eV. No signal could be detected in E͑3͒ Ќ E͑͒ configuration, which is in agreement with the symmetry considerations for the CED contributions, see Eq. ͑5͒. In the E͑3͒ ʈ E͑͒ configuration, where the CED contribution is symmetry allowed, a strong THG signal was detected consisting of four bands at 2.4, 2.75, 3.15, and 3.7 eV. All these bands have an isotropic rotational diagram, which is exemplified in the inset of Fig. 4 for the energy of 3.15 eV. Such diagram is characteristic for the CED contribution of ͑111͒-oriented EuTe, see Eq. ͑4͒.
B. Crystallographic contribution
Increase of the lattice temperature up to 300 K does not change significantly the THG spectrum. As one can see in Fig. 4 , the spectral position, the broadening, and the intensity of THG bands are very stable with respect to increasing the temperature up to 200 K. Even further increase up to 300 K does not bring strong spectral modifications and causes only a twofold decrease in the THG intensity. The temperature dependence of the THG intensity integrated over the strongest line in the range 3.0-3.3 eV is given in the inset. Such a temperature dependence together with the isotropic rotational diagram allows us to conclude that at zero magnetic field the THG spectra do not contain magnetic contributions.
Let us now assign the THG bands to the electronic structure of EuTe, which is schematically shown in Fig. 5 . The band at 2.4 eV corresponds to the 4f 7 → 4f 6 5d 1 ͑t 2g ͒ optical transition in the EuTe band gap vicinity. It was also observed in SHG and optical-absorption spectra. 7, 57 Another band at 3.15 eV is related to the 4f 7 → 4f 6 5d 1 ͑e g ͒ transition. The high-energy band at 3.7 eV can be assigned to a two-photon process at the 4f 7 → 4f 6 5d 1 ͑t 2g ͒ optical transition, i.e., the 4f 6 5d 1 ͑t 2g ͒ state acts as an intermediate resonance state for the THG process, whose final energy falls into the continuum of the 5d and 6s states.
C. Magnetic-field-induced contribution
As we have seen in Sec. III, the crystallographic contribution to the THG signal vanishes in E͑3͒ Ќ E͑͒ configuration while the symmetry consideration predicts that the magnetic-field-induced contribution should be observable in this configuration, see Eq. ͑11͒. Therefore, this configuration is convenient to study the properties of the purely magnetic contribution. In Fig. 6͑a͒ the THG spectra measured in magnetic fields of 0 and 7 T in E͑3͒ Ќ E͑͒ configuration are shown. One sees a strong band at 2.43 eV with an anisotropic rotational diagram as expected for the magnetic-field-induced IED contribution, see Eq. ͑11͒. Other bands are not observed in the spectral range from 2.6 to 3.9 eV due to relatively weak overall signal intensity. The magnetic-field dependence of the THG intensity for the band at 2.43 eV in Fig. 6͑b͒ shows a monotonous increase with a trend of saturation in strong magnetic fields. This arises from the behavior of the ferromagnetic vector F and is similar to the magnetic-field dependence of the SHG intensity in EuTe, shown in Fig. 7 of Ref. 7 . As expected, the magnetic-field-induced contribution has a strong temperature dependence reflecting the decrease in the magnetic susceptibility in the paramagnetic phase with increasing lattice temperature. This dependence is presented in Fig. 6͑c͒ . Note that the THG intensity vanishes for T Ͼ 30 K, which is in strong contrast with the properties of the crystallographic contribution shown in Fig. 4 .
Both crystallographic and magnetic-field-induced contributions are allowed for E͑3͒ ʈ E͑͒ configuration, for which spectra at different magnetic fields are shown in Fig.  7͑a͒ . Whereas the intensity of the 2.4 eV band grows with increasing magnetic field, the intensities of the other bands at 2.75, 3.15, and 3.7 eV show a decreasing behavior in magnetic fields exceeding 4 T. These magnetic-field dependencies are given in the inset of Fig. 7͑a͒ .
The rotational diagrams measured for the three bands with and without magnetic field are given in Fig. 7͑b͒ . In absence of the external magnetic field all three diagrams are isotropic, see closed circles for experimental data and gray areas for the fit by Eq. ͑4͒. In a magnetic field of 7 T the diagrams become anisotropic, see open circles, in accord with predictions of Eq. ͑10͒. Figure 8 shows THG spectra for positive and negative values of magnetic fields of Ϯ7 T in the spectral range of 2.2-3.4 eV. A strong modification of THG intensity for the 2.4 eV band is observed, whereas the 3.15 eV band is insensitive to the inversion of the magnetic-field direction. A behavior of the 2.4 eV band can be understood, when taking into account the interference between CED and IED, as considered in Sec. III. The change in magnetic-field sign produces opposite orientations of M, therefore, the total THG intensity is changed due to the constructive or distractive interference of the CED and IED contributions in accordance with Eq. ͑14͒. However, the interference does not take place for 2.75, 3.15, and 3.7 eV bands and their decrease in applied magnetic field can be attributed to the second-order processes in respect to the axial vector M. These processes are not included in the macroscopic and microscopic considerations in this paper and require further experimental and theoretical studies.
D. Comparison of THG and SHG spectra
Though THG and SHG are very different nonlinear processes, it is instructive to compare their spectra measured on the very same sample. This comparison in the E͑3 ,2͒ ʈ E͑͒ configuration as well as rotational SHG diagrams are given in Fig. 9 . There is a good coincidence of the main bands observed in the THG and SHG spectra, which confirms that both processes reflect the electronic structure of EuTe. The intensity of the THG signal is much stronger than the SHG signal. This comes from the fact that for the EuTe crystal structure m3m of rocksalt type the SHG is forbidden in electric dipole approximation, but the THG is allowed, which is in line with the symmetry considerations in Sec. III. The SHG in europium chalcogenides EuX ͑X = O, S, Se, and Te͒ can be observed only in magnetic dipole approximation. [6] [7] [8] Note that the pure IMD contribution to the SHG signal has a twofold symmetry, 7 contrary to the fourfold symmetry of the THG signal, compare with Fig. 7͑b͒ . Indeed the SHG diagrams in Fig. 9͑b͒ are mostly twofold, some deviation from the twofold symmetry can be related to the strain distortion typical for EuTe layers grown on BaF 2 substrates, for more details see Ref. 7 . Gray areas represent fits according to Eqs. ͑12͒-͑16͒ from Ref. 7.
V. DISCUSSION AND A QUANTUM-MECHANICAL MODEL OF THG
In this section we shall examine a THG model in the framework of the electronic structure which describes well the dichroic band-edge optical absorption, [57] [58] [59] and also the SHG in EuTe. 60 The main purpose is to verify the adequateness of the level scheme to describe the main features of the THG spectrum, and, in particular, to gain an understanding why the THG efficiency is nonzero in zero magnetic field. This is in contrast to the SHG efficiency, which is zero if no magnetic field is applied to the EuTe crystal. For this purpose FIG. 7 . ͑Color online͒ ͑a͒ THG spectra of EuTe measured in E͑3͒ ʈ E͑͒ Ќ B͑0͒ configuration for different magnetic fields at T = 5 K. Inset shows magnetic-field dependences of integrated THG intensity for different bands normalized to the intensities at B =0 T. ͑b͒ Rotational anisotropies for the three bands measured in E͑3͒ ʈ E͑͒ configuration without ͑closed circles and gray areas͒ and with external magnetic field of 7 T ͑open circles͒. it is sufficient to examine THG in parallel configuration, E͑3͒ ʈ E͑͒.
The restricted set of electronic states used in the model is shown in Fig. 10 . It consists of the 4f 7 ͑ 8 S 7/2 ͒ ground state and excited states contained in the 4f 6 5d 1 configuration. The excited configuration will henceforward be labeled in spectroscopic notation by 7 F JM X, where 7 F JM represents the state of the six electrons in the 4f shell at an Eu 3+ site, and X represents an electron transferred into a Bloch state. The electric dipole can couple the ground state to the 5d͑t 2g ͒ or 5d͑e g ͒ conduction bands but not to the conduction band of 6s character. Therefore, we restrict our analysis to the 5d͑t 2g ͒ and 5d͑e g ͒ conduction-band states, denoted shortly by X. In the tight-binding scheme X is given by ions are disregarded because the Zeeman shift of electronic levels is negligibly small in comparison to the giant magnetic-field-dependent energy shift associated with the d-f exchange interaction. Consequently, the 7 F JM levels have a 2M + 1-fold degeneracy, and the energy of an electronic excitation, E JX , depends only on the quantum numbers J and X,
͑16͒
where 4f = 9.6 meV is the spin-orbit interaction constant for electrons in the 4f orbital of the Eu 2+ ion 57 and ⑀ X ͑k͒ is the energy dispersion of the 5d͑t 2g ͒ or 5d͑e g ͒ conduction band; ⌬ X is given by ⌬ X = ͭ 0 if X belongs to a 5d͑t 2g ͒ band ⌬ CF if X belongs to a 5d͑e g ͒ band.
ͮ ͑17͒
E G is the magnetic-field-dependent energy band gap of the EuX system, which for EuTe is given by The transition into the virtual states is allowed by the electric dipole selection rule, however, it is not resonant with the incident photon energy. Therefore, although energy is conserved in the complete THG process, it is not conserved in separate steps of the THG process.
where E G ͑0͒ = 2.321 eV is the zero-field band gap, and J df S is the d-f exchange constant, taken to be J df S = 130 meV. 60 We also assume T = 0 K, meaning that the unperturbed electronic system is in the ground state 4f 7 ͑ 8 S 7/2 ͒. We shall use two characteristics of the above described electronic energy level scheme: ͑i͒ the energy spread of the excited states is much smaller than the band gap, i.e., E G ӷ 4f and E G is much larger than the energy width of ⑀ X ͑k͒; ͑ii͒ all excited states have the same parity, which is opposite to the parity of the ground state. From the first property, it can be concluded that the dominant third-order induced polarization will be strongly resonant when the photon energy is about ប ϳ 1 3 ͑E G + ⌬ X ͒. Therefore, we may discard the antiresonant contributions 9,10 to the induced thirdorder dipole moment. From the second property, electric dipole matrix elements between excited states vanish. Consequently, for photon energies of about a third of the band gap, ប ϳ 1 3 ͑E G + ⌬ X ͒, the third-order polarization amplitude P x0 ͑3͒ ͑3͒ can be approximated by
where E x is the amplitude of the electric field of the incident light, x i denotes the ith electron position vector projected onto the polarization vector of the exciting light. The THG process associated with Eq. ͑19͒ is shown schematically in Fig. 11 . For the sake of simplicity, we have only considered THG for the case that both X and XЈ belong to the same crystal-field split conduction band ͓either 5d͑t 2g ͒ or 5d͑e g ͔͒. The matrix elements in Eq. ͑19͒ involve seven electrons and can be converted into single-electron matrix elements by taking into account spin conservation. 57, 59 This is done by performing a Clebsch-Gordan expansion of the 7 F JM states, which is then represented by a series of terms with defined electronic spin. The final result for P x0 ͑3͒ ͑3͒ is
͑20͒
where m =−M + 3 and mЈ =−MЈ + 3, the ͉4fm͘ represent single-electron 4f orbitals of the Eu 2+ ion, and
Here we have introduced the constant ⌫, which is the characteristic energy uncertainty of the single-particle energy levels associated with their finite lifetimes. 9, 10 To calculate the THG spectrum, we shall take advantage of the narrowness of the conduction band, and the nonconservation of the Bloch wave vector k in the matrix elements of Eq. ͑20͒. The latter is a consequence of the spatial localization of the ground-state electrons. Therefore, the conduction-band energy width will lead to broadening of the resonances that are characteristic of Eq. ͑20͒. The THG spectrum is calculated as follows. In a first step, the conductionband dispersion is ignored, and Eq. ͑20͒ is calculated using and Ј orbitals of 5d͑t 2g ͒ or 5d͑e g ͒ symmetry, localized at a fixed lattice site. Then, calculation of all matrix elements, such as ͗4fm͉x͉͘, can be done as described in detail in Ref. 60 .
The width of the conduction-band states, which was ignored in the first calculation step, as described above, is taken into account in a second step, by convolving the thirdorder polarization with a density of states D͑E͒,
͑21͒
Henceforward we choose a heuristic approach in which D͑E͒ is taken to be a sum of Gaussian functions centered at the energies E JX ͓Eq. ͑16͔͒. In order to keep the theoretical model as simple as possible and tractable, the full width of all Gaussians were fixed at a common adjustable value ␦.
The THG calculation requires knowledge of the spatial orientation of the Eu 2+ spins in the crystal lattice, which is done using molecular-field theory. 61 At B = 0 the Eu 2+ spins lie on the ͑111͒ planes. Since there are four equivalent ͑111͒ planes, four so-called T domains are formed. Within each T domain, the Eu 2+ spins can point along any of the three equivalent ͓112͔ directions, hence each T domain contains three so-called S domains. The amplitude of the third-order induced polarization generated by a separate magnetic domain was calculated using Eq. ͑20͒. The total polarization was obtained by averaging over all magnetic domains and both spin sublattices. The THG intensity was calculated using Eq. ͑21͒. A sample containing a single T domain was assumed, because it is known that in EuTe epitaxial layers, grown by MBE, a single T domain is present.
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Although the Zeeman energies do not enter the energy level scheme, an external magnetic field still has a fundamental effect on the SHG and THG efficiencies in EuX, because the strength and direction of the magnetic field determines the orientation of the Eu 2+ spins in the lattice. 61 For example, as illustrated in Fig. 12͑a͒ , for zero magnetic field, the order in EuTe is antiferromagnetic. SHG is due to the magnetic dipole coupling between excited states, 6, 7, 60 and the polarization waves arising from both magnetic sublattice, containing Eu 2+ spins pointing in opposite directions, are in opposite phase to each other, and their interference leads to a zero net second-order polarization. Thus SHG vanishes in zero field. When the applied magnetic field aligns all Eu 2+ spins ferromagnetically, as shown in Fig. 12͑b͒ , a single magnetic sublattice remains, and SHG becomes efficient.
In contrast to the SHG process, in which the virtual and resonant states are coupled through the magnetic dipole, in the THG process the virtual and resonant states are coupled by the electric dipole operator. As a consequence of this, the third-order polarization waves arising from distinct magnetic sublattices can interfere constructively even in zero magnetic field, when the spin order is antiferromagnetic, as illustrated in Fig. 12͑a͒ . As described in the paragraph following Eq. ͑20͒, our model disregards THG processes involving crossed transitions 7 F JM X → 7 F J Ј M Ј XЈ, when X and XЈ are of different symmetries, consequently, for the E͑3͒ ʈ E͑͒ geometry examined in this section, only the absolute values of the matrix elements enter Eq. ͑20͒. This means that at a given frequency, the third-order polarization waves coming from all spin orientations are in phase with one another, and always interfere constructively, as illustrated in Figs. 12͑a͒ and  12͑b͒ . Nevertheless, the THG intensity will still strongly depend on the intensity of the external magnetic field and its orientation relative to the crystallographic axes, because the magnetic-field vector determines the orientation of spins in the lattice, which in turn determines the magnitude of the matrix elements appearing in Eq. ͑20͒ In summary, the simplified model used in this section describes THG that is nonzero at B = 0 but whose spectral contents and intensity still depends on the external magnetic field. The model does not separate the THG into CED ͑magnetic-field-independent͒ and IED ͑magnetic-fielddependent͒ contributions, which was the general macroscopic approach of Sec. III; instead, in this section we examined THG processes associated with a restricted specific set of electronic levels. The contrast between a nonzero THG intensity and zero SHG, for an antiferromagnetic spin order, is traced to the fact that in the THG process virtual and resonant states are coupled by the electric dipole operator, whereas in the SHG process virtual and resonant states are coupled by the magnetic dipole operator. The absolute value of the THG intensity and its increase, or decrease, with applied magnetic field, is determined by the magnitude of the matrix elements involved in Eq. ͑20͒. These matrix elements are strongly dependent on the spatial orientation of the electronic orbitals contained in them; such an orientation is determined by the modulus of the magnetic field, as well as its direction in respect to the crystallographic axes. However, because of the symmetry of the restricted electronic states contained in the model of this section, inverting the magnetic-field direction does not change the calculated THG intensity.
The THG spectra for EuTe were calculated using wellknown parameters characteristic of its electronic structure: 60 E G = 2.321 eV, J df S = 0.13 eV, 4f = 9.6 meV, and the splitting between t 2g and e g bands ⌬ CF ϳ 1 ͑see Fig. 2͒ . The adjustable parameters were ␦, which determines the approximated density of states in Eq. ͑21͒ and the level width ⌫, fixed at 50 meV and 2 meV, respectively.
Calculated THG spectra as a function of magnetic field are shown in Fig. 13 and can be compared with the experimental result shown in Fig. 7͑a͒ . A comparison of Fig. 13 and Fig. 7͑a͒ shows that the calculated spectra contain emission bands around 2.4 eV and 3.15 eV, in agreement with experiment, demonstrating that these emissions can be associated with the t 2g and e g conduction bands, respectively. The redshift with increasing magnetic field of the THG emissions is also reproduced by the theory, as well as the sharpening of the t 2g peak when B increases. Important to note that the absence of rotational anisotropy of the t 2g emission expected theoretically ͑see Fig. 14͒ also agrees with the experimental result ͑inset in Fig. 4͒ . The main discrepancy between theory and experiment concerns the e g THG emission, which at B = 0 is experimentally stronger than the t 2g one, whereas the opposite is seen in the theoretical spectrum. An inaccurate FIG. 12 . ͑Color online͒ Schematic representation of the SHG and THG processes in EuTe. ͑a͒ At B = 0, the lattice spins in the two magnetic sublattices ͑MSL1 and MSL2͒ are antiparallel; as a result, the second-order polarizations from both sublattices cancel each other, and no SHG occurs. In contrast, the third-order polarizations from both sublattices are always in phase with one another and the THG process operates at all magnetic fields. ͑b͒ At B corresponding to the saturation value, causing ferromagnetic alignment of both sublattices, the SHG process is allowed, as is the THG process.
description of the e g THG process by our model is not at all surprising, because the theory uses the tight-binding approximation, which is much more appropriate to the less energetic t 2g state. An improved description of the THG process in the whole energy range would require a density of states beyond the simplified tight-binding model used, which is not justifiable, because it would complicate still further an already complex model. It must be emphasized that in order to keep the model tractable, the following simplifications were made: ͑1͒ only the 8 S 7/2 and 7 F JM X electronic levels were assumed to be optically active; ͑2͒ the tight-binding approximation with a common broadening parameter ␦ for all levels was used. Although these approximations can be quite acceptable to describe the t 2g conduction band, they can only provide a very crude description of the more energetic e g states. Nevertheless, despite its limitations, the theoretical model still serves to demonstrate that the THG spectra can be associated with t 2g states and, at least crudely, to e g states; it describes reasonably well many of the observed THG characteristics, and it provides a clear description of the basic differences between SHG and THG processes in EuTe.
VI. CONCLUSIONS
We performed third-harmonic spectroscopy for the magnetic semiconductor EuTe in external magnetic field and observed several resonances in the vicinity of the band gap at 2.2-2.5 eV and at higher energies up to 4 eV, which can be associated with four-photon THG processes. We have shown that particular features of the crystallographic structure and the electronic band structure of the centrosymmetric EuTe allow crystallographic and magnetic-field-induced THG. In contrast to the SHG studies, 6, 7, 60 THG of electric dipole type was observed in zero magnetic field. The contained resonances were assigned to specific electronic transitions between the ground 4f 7 state at the top of the valence band and excited 4f 6 5d 1 states of the Eu 2+ ions, which form the lowest energy conduction band. A strong modification of the THG intensity was observed in applied magnetic fields at 2.4 eV, which gives an unambiguous proof of the magnetic-fieldinduced contribution to the THG. Two main features of the THG were assigned to 5d͑t 2g ͒ and 5d͑e g ͒ subbands at 2.4 eV and 3.15 eV, respectively. Temperature, magnetic-field, and rotational anisotropy studies allowed us to distinguish between crystallographic and magnetic-field-induced contributions to the THG. A microscopic quantum-mechanical model of the THG response was developed, which provides an electronic level scheme basis for the experimental observations and explains the differences between THG and SHG mechanisms in EuTe. We foresee that THG spectroscopy can be extended to many other centrosymmetric magnetic bulk semiconductors and insulators, as well as to thin films and artificial structures, where SHG processes of electric dipole type are forbidden, but THG processes are allowed.
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